Wireless vehicle-to-vehicle communication technologies such as the dedicated short range communication (DSRC) may be used to assist drivers in sensing and responding to impalpable information such as the precise acceleration of vehicles ahead. In this paper, we investigate the impact of delayed acceleration feedback on traffic flow using a nonlinear car-following model. It is shown that acceleration feedback can improve the stability of uniform traffic flow, though excessive acceleration feedback leads to undesired high frequency oscillations. Additionally, time delays in the communication channel may shrink the stable domain by introducing mid-frequency oscillations. Finally, we show that one may stabilize vehicle platoons using delayed acceleration feedback even in cases when finite driver reaction time would destabilize the system. Our results may lead to more robust cruise control systems with increased driver comfort in connected vehicle environment.
INTRODUCTION
The analysis and control of transportation systems is in the interest of many research communities [1] . Ideas of traffic control using intelligent vehicles originated in the late 1930s, but were not widely considered until the 1990s [2] . In the last two decades, research in automotive control led to the development of radar-based autonomous cruise control (ACC) which can have a positive impact on vehicle safety, driver comfort, and highway efficiency [3] . Emerging wireless vehicle-to-vehicle communication technologies are expected to provide additional benefits for safety and mobility [4] . Data transmitted between vehicles may be incorporated in the ACC controller or can be used in * Address all correspondence to this author. driver assist systems even when the vehicle is not equipped with radar.
Recently, large scale experiments validated the applicability of dedicated short range communication (DSRC) for vehicleto-vehicle (V2V) communication [5] . This technology, among many things, allows the transmission of acceleration signals along vehicle platoons that may be used to "predict" the motion of the vehicles ahead. While human drivers have access to a coarse version of this signal by monitoring the brake lights, knowing the precise value of acceleration may lead to significant improvements as has been demonstrated in other applications [6] . The precise acceleration information may be displayed to the driver or incorporated in cruise control algorithms of connected vehicles.
However, DSRC devices transmit information intermittently, in every 100 ms, which may increase significantly when packets are dropped [4] . This introduces time-varying time delays into the control loops of communication-based ACC systems [7] . In this paper, we approximate time-varying delays with their average which has been used in the literature for semidiscretization of delay systems [8] . We evaluate the stability of the uniform flow using ring-road and platoon configurations, and show that the stability results are equivalent in both cases. Our results show that incorporating acceleration feedback is beneficial for stability, but the acceleration gain should be kept below certain thresholds. Moreover, increasing the communication delay leads to additional regions of instability with mid-frequency oscillations. Finally, we demonstrate that it is possible to stabilize vehicle platoons using acceleration feedback even in cases when human drivers (responding to the headway and relative velocity) cannot stabilize the flow due to their reaction time.
CAR-FOLLOWING MODEL
To examine the effects of delayed acceleration feedback, we extend the car-following models described in [1, 9] . We assume that identical vehicles travel in a single lane as shown in Fig. 1 . The position of the n th vehicle along the road is denoted by x n and the length of each vehicle is l. The driver or the ACC controller responds to the headway h n = x n+1 − x n − l, the rate of change of the headwayḣ n , and the acceleration of the preceding vehiclev n+1 which is transmitted via wireless vehicle-to-vehicle communication. Thus, the motion of the n th vehicle is governed by the delay differential equations
where δ represents the (time-averaged) communication delay while α, β and γ are the gains associated with headway, velocity, and acceleration feedback, respectively. Notice that α and β have the units s −1 while γ is dimensionless. When units are not spelled out, all numbers should be understood in SI units. We remark that driver reaction time delay (or ACC computation time) is omitted in (1) but such effects will be discussed in the last technical section of this paper. The nonlinear range policy function V (h) must satisfy the following properties:
1. V (h) is continuous and monotonically increasing (the more sparse the traffic is, the faster the vehicles want to travel). 2. V (h) ≡ 0 for h ≤ h st (in dense traffic vehicles intend to stop). 3. V (h) ≡ v max for h ≥ h go (in sparse traffic vehicles intend to travel with the maximum speed, also called free-flow speed).
These properties can be summarized as
where F(h) is strictly monotonically increasing and satisfies F(h st ) = 0 and F(h go ) = v max . Three possible range policies with functions
are shown in Fig. 1 . The range policy (3) is piecewise linear with a constant gradient between h st and h go corresponding to the constant time headway (h go − h st )/v max . However, the nonsmoothness at h st and h go can have a negative effect on driver comfort (by resulting in a "jerky ride"). This can be fixed by using the smooth range policy (4) or the infinitely smooth range policy (5) . In this paper we present the results using (4) with h st = 5 m, h go = 35 m, and v max = 30 m/s as these numbers are representative on modern freeways. When analyzing the dynamics of the connected vehicle system (1), we consider ring and platoon configurations. In the case of the ring configuration, N vehicles travel on a circular road so that the first vehicle follows the N th vehicle, that is, the periodic boundary conditions h N+1 = h 1 , v N+1 = v 1 hold. By choosing the length of the ring road to be L + N · l, the equilibrium headway becomes h * = L / N. Since the ring configuration results in an autonomous system, analytical methods such as modal decomposition and bifurcation analysis can be applied. In the case of the platoon configuration, we consider N + 1 cars and view the platoon as an input-output system. The input is the velocity of the leading car while the output is the velocity of the last car. This configuration is often used for cruise control design [10] . It will be shown that for large N the stability properties obtained using the two different configurations are equivalent.
LINEAR STABILITY OF UNIFORM TRAFFIC FLOW
In this section, we investigate vehicles' ability to maintain stable uniform traffic flow under disturbances. In uniform flow equilibrium all vehicles travel with the same velocity while being equidistant:
Substituting this into (1), the uniform flow satisfies v * = V (h * ). This establishes a relationship between equilibrium headway and equilibrium velocity. To analyze the linear stability of the uniform flow, we define the perturbations
The linearization of (1) about equilibrium (6) is given by
where f * represents the derivative of the range policy at h * , that is,
Stability Analysis for The Ring Configuration
To evaluate the stability of the uniform flow along a ring road we apply modal decomposition and analyze the obtained modal equations that correspond to traveling waves. Using the vector notation y n = col [s n w n ], the linearized system (8) can be written asẏ
where
Let us define the vectorŷ = col [y 1 . . . y n . . . y N ] ∈ R 2N and use I N for the N-dimensional identity matrix and A N = [a i j ] for the N-dimensional adjacency matrix defined by
Note that for i = N we have j = 1 according to the periodic boundary conditions. Thus, (10) can be written into the forṁ
which is a neutral delay differential equation as it contains delayed value of the highest derivative. The symbol ⊗ denotes the Kronecker product of matrices, where each element of the matrix on the left is multiplied by the matrix on the right, producing a block matrix. Let us define the coordinate transformation
, where e k is the k th eigenvector of adjacency matrix A N belonging to the eigenvalue
Applying this transformation leads to the decoupled modal equationsż
for 0, 1, . . . , N − 1, which can be analyzed separately. Each mode contains information about a traveling wave so that oscillations of modes k and N − k happen simultaneously (with the same frequency and wavelength) because of conjugate coefficients in (16). Substituting the trial solution z k = ζ k e λt , λ ∈ C, ζ k ∈ C 2 into (16) results in the characteristic equations
for 0, 1, . . . , N − 1. In particular, for mode k = 0, we have θ k = 0 implying
That is, one eigenvalue given by this mode is always zero, which corresponds to the translational symmetry of systems (1) and (8) .
The uniform flow is stable when all the modes are stable, and a mode is stable when its infinitely many eigenvalues are located in the left half of the complex plane. According to the D-subdivision method [8] , the stability boundary for mode k can be obtained in the (γ, α)-plane by substituting λ = iω, ω ≥ 0 into (17), separating the real and imaginary parts, and using some trigonometrical identities:
for k = 0, 1, . . . , N − 1. Each curve divides the parameter plane into stable and unstable domains for the corresponding mode. When crossing the k th curve (from stable to unstable), traveling waves of frequency ω arise with wavelength
The envelope of these curves gives the stability boundary of the uniform flow.
For zero communication delay δ = 0, one may combine the equations in (19) and obtain the stability boundary explicitly as a quadratic polynomial of α:
with coefficients
Solving (20) yields two critical values α k 1 < α k 2 for each mode and applying the Routh-Hurwitz criteria one may show that each mode is stable for α k < α k 1 and α k > α k 2 . Moreover, considering (19) for δ = 0, one may derive the crossing frequencies
for modes k > 0 which give the frequency of oscillations in the vicinity of the stability loss. For k = 0 the eigenvalues can be calculated explicitly from (18):
Notice that when γ increases from 1 − to 1 + , the second eigenvalue jumps from −∞ to +∞ and the system loses stability through a singularity.
Stability Analysis for The Platoon Configuration
To get a different perspective, we investigate how velocity perturbations propagate from vehicle to vehicle along platoons. As vehicles are considered to be identical, it is adequate to focus on two consecutive vehicles and define the output and the input as v n (t) and v n+1 (t), respectively. For the linear system the output and the input become w n (t) and w n+1 (t), respectively. The Laplace transform of (8) with zero initial conditions gives the transfer function
where W n (λ) is the Laplace transform of w n (t). The equivalence between the platoon and ring configurations can be seen by considering the periodic boundary condition w N+1 (t) = w 1 (t) in the Laplace domain:
(25) Substituting (24) into (25) and taking the N th root result in (17).
For the platoon configuration, the so called plant stability requires that when the leader travels with constant velocity, the follower approaches this velocity. To ensure plant stability at the linear level, the poles of the transfer function (24) must be located in the left half of the complex plane. Applying the RouthHurwitz criteria the stability conditions
are obtained, which can be satisfied by choosing positive gains α > 0 and β > 0. On the other hand, string stability requires that velocity fluctuations decay as they propagate along the platoon. As signals can be represented by their Fourier components, for the linear model it is adequate to show that sinusoidal signals decay along the platoon for all frequencies. This requires the magnitude of the transfer function to be less than one, that is, |Γ(iω)| < 1, ∀ ω ∈ R + , where ω is the frequency of sinusoidal excitation introduced by the leader [10] . This is equivalent to
which is satisfied when the minimum of P(ω) is positive. Solving equations P(ω) = 0 and dP(ω) dω = 0 simultaneously one may obtain
(30) Solving (28) for γ (for a given value of ω) and selecting the real solutions that satisfy d 2 P(ω) dω 2 > 0, these can be substituted into (27) that can be solved for α. By carrying out this procedure for different frequency values ω one may derive the string stability boundaries on the (γ, α) parameter plane in parametric form.
Again for δ = 0, one may derive the stability boundaries explicitly. In this case, (27) simplifies to
For −1 < γ < 1, the stability boundary (the minimum of P(ω)) is obtained by considering ω → 0, which yields
The second condition violates the plant stability conditions (26) and consequently such gains should not be selected. When the first condition is violated, the system is string unstable in the low-frequency region, i.e., |Γ(iω)| > 1 ⇔ P(ω) < 0 for ω < ω P where the critical frequency
can be determined using (31); see already case B in Fig. 3 . On the other hand, carrying out the same calculation for γ > 1 and γ < −1 results in string instability in the high-frequency range, that is, |Γ(iω)| > 1 ⇔ P(ω) < 0 for ω > ω P ; see case D in Fig. 3 . At the boundaries γ = −1 and γ = 1 the sign of P(ω) changes when ω → ∞. Indeed, the string stability conditions for the platoon must be equivalent to the stability of the uniform flow on a ring road which will be shown in the next section.
STABILITY CHARTS
In this section we represent graphically the results of the analytical calculations by drawing stability charts, plotting eigenvalues and amplification curves (Bode plots). First, the results are shown without communication delay (δ = 0) and then we demonstrate the changes caused by non-zero communication delay (δ > 0).
Stability Charts for Zero Communication Delay
We first consider the ring configuration. The top panel of Fig. 2 shows the stability chart for δ = 0 and β = 0.1 when considering N = 33 vehicles. Each curve represents the stability boundary for a mode given by (20,21). The oscillation frequency ω increases continuously along the curves as shown by color, while the increase of the mode number k = 1, . . . , N − 1 is indicated by black arrows. The γ = 1 boundary for the k = 0 mode is plotted as a vertical black line. The uniform flow is stable when all modes are stable as indicated by the gray area bounded by the envelope of the modal stability curves. The uniform flow can lose stability in four principally different ways.
At the slanted boundary, stability is lost to the k = 1 mode which gives rise to low-frequency oscillations. Crossing additional curves for k = 2, 3, . . . yields additional low-frequency oscillations. Note that this is the only type of stability loss that occurs without acceleration feedback (γ = 0). Positive γ lowers the minimum α value needed to ensure stability. As γ is increased through 1, a dramatic loss of stability occurs through the singularity in mode k = 0 (cf. (23)). Further increase of γ leads to high-frequency oscillations. Also, if γ is decreased through −1 high-frequency oscillations arise. Finally, we remark that at α = 0 all modes lose stability.
To illustrate the effects of different kinds of stability losses occurring in the system, we choose representative points in different regions of the stability diagram and show the corresponding eigenvalues at the bottom of Fig. 2 . Cases A and B are without acceleration feedback. Cases C and D show the effects of adequate and excessive acceleration feedback. Cases E and F are with positive acceleration feedback (negative gains). Cases B and D are located at the stability boundaries of modes k = 5 and k = 28 respectively, which means that in case B modes k = 1, 2, 3, 4 are already unstable, while for case D modes k = 32, 31, 30, 29 and k = 0 are unstable. In each panel the eigenvalues belonging to modes 5 and 28 are marked as blue and red crosses, respectively to emphasize the conjugacy of modes k and N − k.
For the platoon configuration Fig. 3 shows the stability chart where the stability boundaries are given by (27, 28, 29, 30) . Each curve shows the location of string stability loss for a fixed frequency ω as indicated by the color of the curve. Indeed, the envelope of the colored curves gives the stability boundary. The slanted boundary and the horizontal axis corresponds to ω → 0 (cf. (32)) while boundaries at γ = ±1 correspond to string stability change for ω → ∞. 
IS SHADED). EACH CURVE REPRESENTS THE STRING STABILITY BOUNDARY FOR A GIVEN FREQUENCY AS INDICATED BY THE COLOR BAR. BOTTOM PANELS: AMPLITUDE RATIOS AS A FUNC-TION OF FREQUENCY FOR THE MARKED POINTS A-F.
frequency contents in unstable domains. This can also be verified analytically as one may solve (20,21) for f * and substitute it into (33) to obtain (22). Moreover, the asymptotes of the slanted stability boundaries obtained for the ring-road case can be calculated from (19) by taking the limit α → ∞ and γ → ∞ for δ = 0 
For θ k → 0, (34) simplifies to the nonzero stability boundary in (32). Again, we emphasize that the size of string stability domain increases with γ for 0 < γ < 1 allowing the selection of lower α values.
We marked the same points in Fig. 3 as in Fig. 2 , and show the corresponding output-input amplitude ratios (Bode plots) as a function of frequency ω. Indeed, cases A and C correspond to string stable behavior but for A we have |Γ(iω)| → 0 as ω → ∞, while for C the amplitude ratio |Γ(iω)| converges to a finite value Case C between 0 and 1. Case B is string unstable in the low-frequency domain while cases D and E are string unstable for high frequencies. Finally, case F is string unstable for all frequencies.
Stability Charts for Non-Zero Communication Delay
Having established that the stability of uniform traffic flow benefits from appropriate acceleration feedback, we now investigate the effect of finite communication delays. First, consider the ring configuration. The main difference compared to the zero delay case is that each mode in (17) gives infinitely many eigenvalues (even mode k = 0, see (18)). Given that (16) is a neutral delayed differential equation, calculating the eigenvalues is a challenging task. We use the semi-discretizaton method to obtain finitely many eigenvalues located in the neighborhood of the origin [8] .
The stability boundaries (19) for β = 0.1, δ = 0.5 are shown in the top panel of Fig. 4 depicted at the bottom. It can be seen from the stability chart that the uniform flow could lose stability to low-, mid-and high-frequency oscillations. Loss of stability to low-or high-frequency oscillations is similar to the zero delay case, but stability loss to mid-frequency oscillations is a new phenomenon. This shrinks the stability domain from the right, making the system more sensitive to excessive acceleration feedback. With excessive acceleration feedback, the system loses stability to high frequency oscillations (case C) rather than through a singularity. Point D is not located at the k = 28 stability boundary due to the introduction of time delay, but the conjugate nature of eigenvalues for modes k and N − k is preserved. Figure 5 shows the stability chart given by (27, 28, 29, 30) (top) and amplification curves (bottom) for the platoon configuration when β = 0.1, δ = 0.5. Again, high-, low-, and midfrequency stability losses are possible. The latter can be observed in case C where the system is string stable at low-and high-frequency ranges, but unstable in the mid-frequency range. Indeed, the stability charts from the ring and platoon configurations match well in terms of stability domains as well as in frequency contents. Figure 6 compares the (γ, α) stability charts for different values of the velocity gain β and communication delay δ using the platoon configuration. The stability boundary for ω → 0 is independent of the delay δ, which can be proven by setting ω = 0 in (27). Similarly the boundary at γ = 1 seems insensitive to changes in the delay. On the other hand, the domain of midfrequency instabilities on the right increases with delay. Also, increasing the velocity gain β for non-zero communication delay leads to a trade-off: stability is improved against low-frequency instabilities (on the left), but is degraded against mid-frequency instabilities (on the right). 
SIMULATIONS OF THE NONLINEAR MODEL
To further illustrate the influence of delayed acceleration feedback on the dynamics of connected vehicle systems, we plot steady state and transient responses of velocity perturbations for the platoon configuration using the nonlinear car-following model (1) . First, we show how the analytical results obtained for the steady state behavior of the linearized system manifest themselves at the nonlinear level. Then we demonstrate the effects of acceleration feedback on transient behavior. Figure 7 depicts the simulated steady state velocity response to the sinusoidal input v n+1 (t) = v * + v amp sin(ωt). We consider the parameters corresponding to point C in Fig. 5 , fix h * = 20 m, v * = 15 m/s, v amp = 1 m/s and vary ω. The initial headway and velocity are chosen to be h n (0) = h * , v n (0) = v * . Recall that the platoon is string stable when the amplitude of velocity oscillations for the follower is smaller than for the leader at steady state. The simulation results match well with the predictions of the linear analysis. Recall that in Fig. 5 , case C has two critical frequencies ω P 1 and ω P 2 and between these string stability is lost. Fig. 7 demonstrates that at low-and high-frequencies ω < ω P 1 (ω = 1) and ω > ω P 2 (ω = 10), the velocity oscillations of the follower (blue curve) have smaller amplitude than that of the leader (red curve); but in the mid-frequency range ω P 1 < ω < ω P 2 (ω = 4) fluctuations are amplified.
The top left panel in Fig. 8 shows the amplitude ratios for the points G and H in Fig. 6 by dashed and solid curves, respectively. Using acceleration feedback the system attenuates low-frequency perturbations better but less attenuation occurs for higher frequencies (though the systems is still string stable for all frequencies). Since low-frequency perturbations are more typical in traffic, the steeper drop of oscillation amplitude in the low-frequency regime is advantageous. Fig. 8 also gives the simulated transient acceleration responses of the nonlinear model (1) for different frequencies. We use the same driving signal as above but here the initial headway and velocity are chosen to be h n (0) = h * = 20 m, v n (0) = 5 m/s (so the follower has to "catch up"). Notice that using positive γ results in smaller initial acceleration which demands less engine torque and can increase passenger comfort. 
ROBUSTNESS AGAINST DRIVER REACTION TIME
In the previous sections we have considered delays arising in the wireless communication channels. To examine the robustness of delayed acceleration feedback, we extend the car-following model (1) by incorporating time delays in the headway and relative velocity feedback terms:     ḣ n (t) = v n+1 (t) − v n (t) , v n (t) = α V (h n (t − τ)) − v n (t − τ) + βḣ n (t − τ) +γv n+1 (t − δ) .
For ACC controllers τ represents the time needed for sensing and computation and this typically stays below 0.1 s. However, when considering driver assist systems, τ represents the human reaction time, and is in the range of 0.5 s. It can be shown that for γ = 0 when the driver reaction time exceeds τ cr = 1/(2 f * ) there exist no α, β parameter combinations that can ensure string stability [11] . In this paper, we have τ cr = 1/π ≈ 0.318 s based on the derivative (9) that takes its maximum at h * = 20 m.
The stability charts for model (35) are shown in Fig. 9 for δ = 0.2 s and τ = 0.4 s. In all three plots, vehicles are not stabilizable without acceleration feedback, i.e., there is no stability region for α when γ = 0, but using the appropriate level of acceleration feedback stabilizes the uniform flow. This demonstrates additional benefits of using acceleration feedback in connected vehicle systems. We remark that the white region in the upper part if each panel is technically string stable but in fact plant stability is violated above the horizontal dashed line. 
CONCLUSIONS
In this paper, the effects of delayed acceleration feedback on connected vehicle dynamics are studied using platoon and ring configurations. The results show that acceleration feedback can stabilize vehicle platoons even in cases when human drivers are incapable due to their reaction time. Such benefits are robust against time delays in the communication channel which does not decrease the stability domains significantly. Moreover, acceleration feedback can increase passenger comfort by reducing large transient acceleration responses. As future research, the effects of delayed acceleration feedback will be studied in heterogeneous connected vehicle systems using physics-based vehicle models.
